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Purpose: To develop an age-dependent mathematical model of the isolated ex-vivo human crystalline lens
shape to serve as basis for use in computational modeling. Methods: Proﬁles of whole isolated human
lenses (n = 27) aged 6 to 82, were measured from shadow-photogrammetric images. Two methods were
used to analyze the lenses. In the two curves method (TCM) the anterior and posterior surfaces of the lens
were ﬁt to 10th-order even polynomials and in the one curve method (OCM) the contour of one half-
meridional section of the lens was ﬁt to 10th-order polynomials. The age-dependence of the polynomial
coefﬁcients was assessed. The analysis was used to produce an age-dependent polynomial model of the
whole lens shape. Results: The root mean squared errors for the ﬁts ranged from 11 to 70 lm for the OCM,
9 to 27 lm for the posterior surface of the TCM and 8 to 134 lm for the anterior surface of the TCM. The
coefﬁcients of the OCM did not display a signiﬁcant trend with age. The 2nd-, 6th- and 10th-order coef-
ﬁcients of the anterior surface of the TCM decreased with age while the 8th-order coefﬁcient increased.
For the posterior surface of the TCM, the 8th-order coefﬁcient signiﬁcantly decreased with age and the
10th-order coefﬁcient increased. The age-dependent equations of both the models provide a reliable
model from age 20 to 60. The OCM model can be used for lenses older than 60 as well. Conclusion: The
shape of the whole human crystalline lens can be accurately modeled with 10th-order polynomial func-
tions. These models can serve to improve computational modeling, such as ﬁnite element (FE) modeling
of crystalline lenses.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The scientiﬁc investigation of the accommodation system is an
important one, critical to, among other applications, understanding
the basis of presbyopia and its treatment and correction. Yet, due
to the ﬁne anatomical features and the minute forces involved, cer-
tain investigative or mechanistic studies are not feasible in an in-
vivo or even an ex-vivo setting. For this reason, numerous analytical
and ﬁnite element (FE) mechanical models of the human crystal-
line lens have been developed to simulate changes in lens shapell rights reserved.
2R01EY14225, 5F31EY15395
ederal Government Coopera-
Cooperative Research Centre;
; an unrestricted grant from
e Lesieur Foundation (J.M.P.).during accommodation. Analytical models have been used to de-
scribe the accommodative mechanism in the human eye (Koretz
& Handelman, 1982) and to investigate the effects of lens elastic
anisotropy on accommodation (Koretz & Handelman, 1983). FE
models have been used to (1) demonstrate that the Helmholtzian
mechanism of accommodation is most likely for the young lens
(Burd, Judge, & Flavell, 1999), (2) compare accommodative ampli-
tudes of 29- and 45-year old lens (Burd, Judge, & Cross, 2002), (3)
compare Coleman and Helmholtzian accommodation theories
(Martin, Guthoff, Terwee, & Schmitz, 2005), (4) estimate the exter-
nal force acting on the lens during accommodation (Hermans,
Dubbelman, van der Heijde, & Heethaar, 2006) and (5) determine
geometric and material properties of the lens that affect human
accommodation (Abolmaali, Schachar, & Le, 2007). More recently
FE models have been used to analyze the relationship between lens
stiffness and accommodative amplitude (Weeber & van der Heijde,
2007) and to estimate the change in accommodative force with age
(Hermans, Dubbelman, van der Heijde, & Heethaar, 2008). FE
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presbyopia, but some of the predictions made by the above men-
tioned studies are contradictory. The quality and validity of the
models are reliant on the geometric information used to develop
them. Therefore accurate geometric representation of the human
crystalline lens is a critical issue for FE modeling, especially at
the equatorial regions where the forces are applied.
In one aspect, FE models should account for age-dependency of
the lens shape and be based on measurements of the lens shape
when no forces are applied. The isolated ex-vivo lens is not sub-
jected to any active external forces and can therefore serve as
the basis for a geometric model that can be used in FE modeling
studies. Burd et al. (2002) and Martin et al. (2005) used geometric
information recorded by Brown (1973) to develop FE models for 3
lenses aged 11, 29 and 45 and therefore their studies are limited to
these three ages. Hermans et al. (2006) developed their FE model
using lens shape obtained from Scheimpﬂug imaging. The images
contain only the central portion of the anterior and posterior sur-
faces of the lens. They modeled the regions not available from
Scheimpﬂug images, using two conic functions. Abolmaali et al.
(2007) developed their FE model using information from MRI
images published by Strenk et al. (1999), Lizak, Datiles, Aletras, Ka-
dor, and Balaban (2000) and Krueger (2002). Their model was not
age-dependent. Weeber and Van der Heijde (2007) used geometri-
cal information based on in-vivo measurements made on Sche-
impﬂug images taken by Dubbelman, van der Heijde, and
Weeber (2005) and MRI images by Strenk et al. (1999).
Although the earliest eye models represent the lens as two
spherical surfaces, the human lens is most commonly thought
of as being composed of two aspherical surfaces. In this approach,
the lens has been modeled with a number of mathematical func-
tions. The shape has been progressively described as hyperbolic
(Howcroft & Parker, 1977), parabolic (Koretz, Handelman, &
Brown, 1984), 4th-order polynomial (Strenk, Strenk, Semmlow,
& DeMarco, 2004) and conic functions (Borja et al., 2008; Dubbel-
man & van der Heijde, 2001; Manns et al., 2004; Rosen et al.,
2006). While these models present a good approximation of the
human lens, they were developed for optical modeling and there-
fore mostly focus on the central 4–5 mm of the lens, and do not
provide information about the far peripheral and equatorial
regions. Kasprzak (2000) approximated the whole proﬁle of theFig. 1. (a) A section view of the immersion cell. The immersion cell contains a supporting
shadow-photogrammetry. (b) Shadow-photogrammetric image of a human crystalline le
enabling both sides of the lens to be available for contour detection.human lens using a hyperbolic cosine function. This model is
based on published values of radius of curvature and asphericity
and focuses on the central optical zone of the lens. This model has
been evaluated against hyperbolic, parabolic and elliptic approx-
imations, but has not been compared to a shape of an actual lens
and therefore, the validity of the equatorial regions of this model
is not known.
To address the above shortcomings, we propose herein two
models of the whole, freshly isolated ex-vivo human crystalline
lens as a function of age using 10th-order polynomials, which
can be used as a basis for developing age-dependent FE Models.
The models are based on measurements obtained from shadow-
photogrammetric images of 27 lenses ranging in age from 6 to 82.2. Materials and methods
2.1. Lens preparation
All human eyes were obtained and used in compliance with the
guidelines of the Declaration of Helsinki for research involving the
use of human tissue. The 27 crystalline lenses used in this study
were from whole, intact cadaver eyes, in the age range of 6–82, ob-
tained from American eye banks. The postmortem time ranged
from 1 to 5 days, during which time the whole eyes (globes) were
stored at 2–6 C in sealed jars on a bed of gauze moistened with
saline. Ophthalmic surgeons removed the cornea and iris under
operation microscope observation. The lens was extracted by care-
fully cutting the zonules and adherent vitreous using Vannas scis-
sors. Lens spoons (K3-4255, Katena Products Inc., Denville, New
Jersey) were used to immediately place the lens on the sutures of
the testing cell (Fig. 1a) pre-ﬁlled with a DMEM solution (Augus-
teyn, Rosen, Borja, Ziebarth, & Parel, 2006). The time from lens
extraction to measurement was approximately 6 min. Lens capsule
integrity was visually inspected using the optical comparator (Ro-
sen et al., 2006). Torn capsules usually appeared as surface irregu-
larities or small ﬂaps of tissue protruding from the capsule surface.
Images of 99 human crystalline lenses were available. Of these, 29
lenses were excluded due to a capsule tear or cataractous changes
and 43 lenses were excluded because they exhibited a zone of sep-
aration between the capsule and cortex, leaving 27 lenses for thismesh made of 10-0 nylon sutures on which lenses of various sizes can be placed for
ns. The lens is supported on a mesh made of 10-0 nylon sutures (10 lm diameter),
Fig. 2. The coordinate system of the two curves method (TCM). The equatorial axis
is parallel to the X-axis and the optical axis is parallel to the Y-axis. The anterior
surface of the lens is positioned in the 3rd and 4th quadrants of the coordinate
system and the posterior surface in the 1st and 2nd quadrants. The data set of pixel
coordinates above the equatorial axis corresponds to the posterior segment of the
lens, and the set below, corresponds to the anterior segment of the lens. The
diameter (D), thickness (T), anterior thickness (bA) and posterior thickness (bP) are
shown. p(x) is the posterior TCM polynomial and a(x) is the anterior TCM
polynomial. Gaps on the lens surface are regions where the edge detection
algorithm could not identify the lens proﬁle.
Fig. 3. The coordinate system of the one curve method (OCM). The optical axis is
parallel to the X-axis and the equatorial axis is parallel to the Y-axis. The anterior
surface of the lens is positioned in the 1st and 4th quadrants of the coordinate
system and the posterior surface in the 2nd and 3rd quadrants. The data set of the
pixel coordinates above the optical axis was used in this method. The diameter (D),
thickness (T), anterior thickness (bA) and posterior thickness (bP) are shown. h(x) is
the OCM polynomial. Gaps on the lens surface are regions where the edge detection
algorithm could not identify the lens proﬁle.
Table 1
Equations of polynomials, cross-sectional area (CSA), surface area (SA) and volume (V)
for the two curves method (TCM) and the one curve method (OCM).
Two curves method (TCM) One curve method (OCM)
pðxÞ ¼ bP þP5i¼1fpð2iÞðxÞ2i hðxÞ ¼ D2 þ
P10
i¼1fhðiÞðxÞi
aðxÞ ¼ bAþP5i¼1fað2iÞðxÞ2i
CSA ¼ R D=2D=2½pðxÞ  aðxÞdx CSA ¼ 2
R bA
bP hðxÞdx
SA ¼ 2p RD=20 x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½p0ðxÞ2
q
dx
þ 2p R D=20 x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½a0ðxÞ2
q
dx
SA ¼ 2p R bAbP hðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½h0ðxÞ2
q
dx
V ¼ 2p R D=20 x½pðxÞ  aðxÞdx V ¼ p
R bA
bP ½hðxÞ2 dx
p(x) is the posterior polynomial, a(x) is the anterior polynomial and h(x) is the
polynomial representing the contour of a half-meridional section of the lens. The
coefﬁcients of the three polynomials are denoted by fp, fa and fh. D, bA and bP are the
diameter, anterior thickness and posterior thickness of the lens.
76 R. Urs et al. / Vision Research 49 (2009) 74–83study. The proportion of lenses with capsular separation is similar
to that reported by Augusteyn et al. (2006).
2.2. Shadow-photogrammetry
The technique of shadow-photogrammetry of eye tissues has
been described in detail in earlier publications (Augusteyn et al.,
2006; Denham, Holland, Mandelbaum, Pﬂugfelder, & Parel, 1989;
Pﬂugfelder et al., 1992; Rosen et al., 2006). In short a modiﬁed opti-
cal comparator (BP-30S, Topcon, Tokyo, Japan) projects a
20 magniﬁed shadow of an excised lens onto a viewing screen.
Two light sources enabled photography of the lens in the coronal
and sagittal views. The immersion cell described in Rosen et al.
(2006) was modiﬁed by replacing the lens-holding ring with a sup-
porting mesh made of 10-0 nylon sutures. This enabled the entire
posterior surface of the lens to be available for contour detection
(Fig. 1b). A 4.0 Mp Nikon Coolpix 4500 digital camera (Tokyo, Ja-
pan) positioned at a ﬁxed distance from the screen was used to
capture the coronal and sagittal views of the lens. A ruler
(1376T-25, Keuffel and Esser Co., Hoboken, New Jersey) was also
photographed on each image for scaling purposes.
2.3. Image analysis
The images were preprocessed with Canvas 9.0 (ACD Systems of
America, Miami, FL). They were scaled against the ruler included in
the image and were adjusted for magniﬁcation (20) of the com-
parator. The images were then cropped to remove the ruler. The
preprocessed images were loaded into MATLAB (Mathworks, Inc.,
Natick, MA) and converted to 8-bit grayscale images. An algorithm
composed of two separate processes was used to detect the lens-
contour. The ﬁrst process detected a thick approximate contour
of the lens, using the Prewitt edge detector and morphological
functions. This eliminated false edges generated by the sutures
zonules, adherent vitreous and other material extraneous to the
lens. The second separate process used the Canny edge detector,
to detect a ﬁne contour of the lens. An intersection of the outputs
of the two processes produces the lens contour with minimal false
contours. A few false contours that were detected were removedmanually. For the majority of the images, the size of each pixel
in the plane of the lens was between 4 and 5 lm.
The post-processed images were loaded into MATLAB and the
pixels corresponding to the lens contour were extracted. The lens
was aligned such that the posterior surface of the lens was on
top (Fig. 2). The midpoint of the outermost pixels at the equator
along the X-axis was estimated to be the position of the optical
axis. The position of the equatorial axis was estimated to be the
midpoint of the outermost pixels at the equator, along the Y-axis.
The center of the lens was estimated to be the point of intersection
of the optical axis and the equatorial axis. To correct the contour
for tilts, the lens was split in half at the optical axis, and both
halves were rotated, until the root mean squared error between
the two halves was minimized.
The centered lens contour was analyzed in two ways. In the ﬁrst
method, the two curves method (TCM) (Fig. 2), the lens was di-
vided at the equatorial axis to obtain the anterior and posterior
surfaces of the lens. The anterior surface of the lens was positioned
in the 3rd and 4th quadrants of the coordinate system and the pos-
Fig. 4. Age related changes in cross-sectional area (CSA) of the human lens for the
one curve method (OCM; d) and the two curves method (TCM; j). Linear ﬁts of the
data indicated CSA = 24.83 (±0.93) + 0.138 (±0.018)  Age (R2 = 0.69; p < 0.0001) for
OCM and CSA = 24.89 (±0.91) + 0.138 (±0.018)  Age (R2 = 0.69; p < 0.0001) for TCM.
Fig. 5. Age related changes in surface area (SA) of the human lens for the one curve
method (OCM; d) and the two curves method (TCM; j). Linear ﬁts of the data
indicated SA = 144.97 (±5.76) + 0.852 (±0.115)  Age (R2 = 0.68; p < 0.0001) for OCM
and SA = 145.25 (±5.98) + 0.851 (±0.12)  Age (R2 = 0.67; p < 0.0001) for TCM.
Fig. 6. Age related changes in volume (V) of the human lens for the one curve
method (OCM; d) and the two curves method (TCM; j). Linear ﬁts of the data
indicated V = 131.65 (±7.05) + 1.347 (±0.142)  Age (R2 = 0.78; p < 0.0001) for OCM
and V = 131.65 (±7.05) + 1.347 (±0.142)  Age (R2 = 0.78; p < 0.0001) for TCM.
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ﬁt to 10th-order even polynomials. In the one curve method (OCM)
(Fig. 3), the anterior surface of the lens was positioned in the 1st
and 4th quadrants of the coordinate system and the posterior sur-
face in the 2nd and 3rd quadrants. The lens was split in half at theTable 2
Dimensions of the crystalline lens obtained from the one curve method (OCM) and the
two curves methods (TCM) (n = 27) compared to dimensions measured from images man
Dimension One curve method
Diameter (D) [mm] 8.38 (±0.22) + 0.021 (±0.004) 
Age (R2 = 0.48; p < 0.0001)
Thickness (T) [mm] 4.11 (±0.16) + 0.006(±0.003) 
Age (R2 = 0.13; p = 0.060)
Anterior thickness (bA) [mm] 1.82 (±0.1) + 0.002 (±0.002) 
Age (R2 = 0.05; p = 0.2296)
Posterior thickness (bP) [mm] 2.29(±0.12) + 0.004 (±0.002) 
Age (R2 = 0.1; p = 0.116)optical axis to obtain the contour of one half-meridional section of
the lens. This contour was ﬁt to a 10th-order polynomial. Curve ﬁt-
ting for both methods was performed using the Levenberg–Marqu-
ardt algorithm of MATLAB’s curve ﬁtting toolbox. The results were
independent of the starting points provided.
In the TCM, the equatorial diameter (D) was estimated as the
distance between the points of intersection of the two polynomials
representing the anterior and posterior surfaces of the lens. The
points of intersection of the two polynomials were determined
by solving the two equations. The anterior sagittal thickness (bA)
and the posterior sagittal thickness (bP) were obtained from the
y offsets of the respective ﬁts, and the total sagittal thickness
was estimated as the sum of the two. The cross-sectional area
(CSA) of the lens was computed by integrating the ﬁts. Assuming
rotational symmetry around the optical axis, the anterior and pos-
terior surface area of the lens was estimated by computing the sur-
face of revolution of the anterior and posterior ﬁts around the
optical axis. The two surface areas were added to obtain the total
surface area of the lens. The volume (V) of the lens was estimated
by computing the solid of revolution of the cross-sectional plane
around the optical axis. The equations for the polynomials, cross-
sectional area (CSA), surface area (SA) and volume (V) for the
TCM are listed in Table 1.
In the OCM, the anterior sagittal thickness (bA) and the poster-
ior sagittal thickness (bP) were obtained by solving the OCM equa-
tion for y = 0. The two thicknesses were added to obtain the total
sagittal thickness. Diameter (D) was estimated as twice the y offset
of the ﬁt. The cross-sectional area (CSA) of the lens was estimated
as twice the area under the curve. Assuming rotational symmetry,ually in Rosen et al.
Two curves method Rosen et al.
8.47 (±0.23) + 0.022 (±0.005) 
Age (R2 = 0.45; p < 0.0001)
8.7 (±0.14) + 0.014 (±0.002) 
Age (R2 = 0.57; p < 0.0001)
4.1 (±0.16) + 0.006 (±0.003) 
Age (R2 = 0.13; p = 0.066)
3.97 (±0.16) + 0.013 (±0.003) 
Age (R2 = 0.48; p < 0.0001)
1.82 (±0.1) + 0.002 (±0.002) 
Age (R2 = 0.05; p = 0.26819)
1.65 (±0.075) + 0.005 (±0.001) 
Age (R2 = 0.45; p < 0.0001)
2.28(±0.12) + 0.004 (±0.002) 
Age (R2 = 0.1; p = 0.116)
2.33 (±0.11) + 0.007 (±0.002) 
Age (R2 = 0.44; p < 0.0001)
Table 3
Coefﬁcients of 10th-order polynomials representing half curve (fhxx), anterior segment (faxx) and posterior segment (fpxx) of the lens, where fxx = A + B  Age (n = 27). Coefﬁcients
that showed a signiﬁcant trend with age (p < 0.1) are marked with an asterisk (*).The root mean squared errors (rmse) for the curve-ﬁts ranged from 11 to 70 lm for the OCM, 8 to
134 lm for the anterior surface of the TCM and 9 to 27 lm for the posterior surface of the TCM.
Polynomial coefﬁcient A % Variability of A B % Variability of B R2 p Value
One curve method
fh01 0.07328 ± 0.087 119 0.00106 ± 0.0017 165 0.01 0.55
fh02 0.53133 ± 0.173 33 9.99727E–4 ± 0.005 348 0.003 0.78
fh03 0.64109 ± 0.199 31 2.26788E4 ± 0.004 1764 1.3E4 0.95
fh04 0.11822 ± 0.324 274 0.00208 ± 0.0065 312 0.004 0.75
fh05 0.83956 ± 0.243 28 0.00227 ± 0.0049 215 0.01 0.65
fh06 0.16003 ± 0.179 112 1.80721E4 ± 0.0036 1992 1.0E4 0.96
fh07 0.35103 ± 0.114 33 0.0013 ± 0.0023 176 0.01 0.57
fh08 0.11057 ± 0.041 38 5.50697E4 ± 8.335E4 151 0.02 0.51
fh09 0.05186 ± 0.019 37 2.15692E4 ± 3.829E4 177 0.01 0.58
fh10 0.01991 ± 0.005 27 1.10011E4 ± 1.067E4 97 0.13 0.31
Two curve method—anterior surface
fa02
* 0.11544 ± 0.015 13 8.70752E4 ± 3.015E4 35 0.25 0.08
fa04 0.01913 ± 0.005 26 1.67898E4 ± 1.016E4 60 0.10 0.11
fa06
* 0.00317 ± 7.17E4 23 2.93408E5 ± 1.440E5 49 0.14 0.05
fa08
* 2.32555E4 ± 4.486E5 19 2.38857E6 ± 9.009E7 37 0.22 0.01
fa10
* 6.25625E6 ± 1.063E6 17 7.09038E8 ± 2.134E8 30 0.31 0.003
Two curves method – posterior surface
fp02 0.11861 ± 0.012 10 3.68906E4 ± 2.330E4 63 0.09 0.13
fp04 0.00721 ± 0.004 51 4.99334E6 ± 7.422E5 1486 1.8E4 0.95
fp06 0.00199 ± 6.274E4 32 1.4682E5 ± 1.260E5 85 0.05 0.25
fp08
* 1.91149E4 ± 4.610E5 24 2.09263E6 ± 9.29E7 44 0.17 0.03
fp10
* 5.88121E6 ± 1.248E6 21 7.51863E8 ± 2.507E8 33 0.51 0.006
Fig. 7. Age related changes in the 2nd-order coefﬁcient of the OCM curve (fh02; j),
the anterior curve of the TCM (fa02; d) and the posterior curve of the TCM (fp02; N).
Linear ﬁts of the data indicated fh02 = 0.53133 (±0.17) + 9.99E4 (±3.48E3)  Age
(R2 = 0.003; p = 0.7764), fa02 = 0.11544 (±0.02) + 8.70752E4 (±3.02E4)  Age
(R2 = 0.25; p = 0.0079) and fp02 = 0.11861 (±0.01) + 3.68906E4 (±2.3E4) 
Age (R2 = 0.09; p = 0.126).
Fig. 8. Age related changes in the 4th-order coefﬁcient of the OCM curve (fh04; j),
the anterior curve of the TCM (fa04; d) and the posterior curve of the TCM (fp04; N).
Linear ﬁts of the data indicated fh04 = 0.11822 (±0.32) + 0.00208 (±0.006)  Age
(R2 = 0.004; p = 0.7511), fa04 = 0.01913 (±0.005) + 1.67898E4 (±1.02E4)  Age
(R2 = 0.1; p = 0.1110) and fp04 = 0.00721 (±0.004) + 4.99334E6 (±7.42E5) 
Age (R2 = 1.8E4; p = 0.9469).
78 R. Urs et al. / Vision Research 49 (2009) 74–83the surface area (SA) of the lens was estimated by computing the
surface of revolution of the ﬁtted curve around the optical axis
and the volume (V) of the lens was estimated by computing the so-
lid of revolution of the cross-sectional plane around the optical
axis. The equations for the polynomial, cross-sectional area (CSA),
surface area (SA) and volume (V) for the OCM are listed in Table 1.
2.4. Data analysis
The diameter (D), thickness (T), anterior thickness (bA), poster-
ior thickness (bP), cross-sectional area (CSA), surface area (SA) andvolume (V) obtained from the two methods were analyzed as a
function of age using linear regressions (Table 2 and Figs. 4–6).
The coefﬁcients of the polynomials for each of the three curves
were analyzed as a function of age (Table 3 and Figs. 7 and 8).
Using these coefﬁcients, the lens shapes for 20-, 40- and 60-year
old lenses were plotted. The top half of the OCMmodel was plotted
after solving the equation for y = 0. The bottom half was obtained
by reﬂecting the curve at the X-axis (Fig. 9). The TCM model was
plotted up to the points of intersection of the anterior and posterior
curves (Fig. 10). For each of the methods the dimensions used (D,
bA and bP), were obtained from the linear regressions of the meth-
od itself.
Fig. 10. TCM model of 20- (red), 40- (green) and 60- (blue) year old lenses.
Fig. 9. OCM model of 20- (red), 40- (green) and 60- (blue) year old lenses.
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Table 2 shows that all dimensions increase as the lens ages from
ages 6 to 82 years. Figs. 4–6 show the linear regressions of the
cross-sectional area, surface area and volume of the lens withFig. 11. TCM (blue) and OCM (red) models superimposed on the proﬁle of lenses (cyan) o
via linear regression presented in Table 3. The differences between the models and theage. All three quantities exhibited statistically signiﬁcant increas-
ing trends (p < 0.0001).
Table 3 shows the linear regression equations of the polynomial
coefﬁcients with age. The root mean squared errors (rmse) for the
polynomial ﬁts ranged from 11 to 70 lm for the OCM, 8 to 134 lm
for the anterior surface of the TCM and 9 to 27 lm for the posterior
surface of the TCM. The coefﬁcients of the OCM did not display a
signiﬁcant trend with age. The 2nd-, 6th- and 10th-order coefﬁ-
cients of the anterior surface of the TCM decreased with age whilef various ages. The TCM and the OCMmodels were plotted with coefﬁcients obtained
lens proﬁles are due to variability of individual lenses.
Fig. 11 (continued)
80 R. Urs et al. / Vision Research 49 (2009) 74–83the 8th-order coefﬁcient increased. For the posterior surface of the
TCM, the 8th-order coefﬁcient signiﬁcantly decreased with age and
the 10th-order coefﬁcient increased. The coefﬁcient of all other
terms of the anterior and posterior surfaces of the TCM did not
change signiﬁcantly with age. Figs. 7 and 8 show the age depen-
dency of the 2nd-order and 4th-order coefﬁcients of the three
curves. All coefﬁcients displayed a high percentage of uncertainty.
The uncertainty of the coefﬁcients that displayed a statistically sig-
niﬁcant trend with age (p < 0.1) ranged from 30% to 49%.
Figs. 9 and 10 show the OCM and TCM models for lenses aged
20, 40 and 60 years. Supplementary movies 1 and 2 show the
growth of the lens as predicted by the two models from ages 20
to 82 years for the OCM and from 20 to 60 years for the TCM. Both
models were superimposed on lens proﬁles of various ages
(Fig. 11).
4. Discussion
In this study, shadow-photogrammetric images of freshly iso-
lated ex-vivo human crystalline lenses were analyzed to obtain
age-dependent models through linear regression of the coefﬁcients
of the polynomial ﬁts. Shadow-photogrammetric images have a
pixel size of 4–5 lm and have good contrast enabling exceptional
contour detection. These two factors improve the accuracy of the
ﬁts. Shadow-photogrammetry is based on precision optical com-
parator technology and employs a telecentric light beam, which
introduces no distortions to the lens surface. Therefore, unlike
OCT (Optical Coherence Tomography) or Scheimpﬂug images,
these images do not need correction to the shape of the lens. Withshadow-photogrammetry, lenses with capsular defects such as
separations and cataracts can be identiﬁed and therefore be ex-
cluded from analysis. The limitation of shadow-photogrammetry
is that it cannot be used on in-vivo lenses. The placement of the
ex-vivo lens in the immersion cell may introduce a slight tilt in
the sagittal plane.
The lenses were analyzed with two methods, the OCM, where
half the contour of the lens was modeled and the TCM, where
the contours of the anterior and posterior surfaces were analyzed
separately. Symmetry around the optical axis was assumed for
both methods. The two surfaces of the TCM method were ﬁt to
10th-order even polynomials, while the surface from the OCM
was ﬁt to 10th-order polynomials. Polynomials were chosen be-
cause a single higher order augmented conic function similar to
that which was used by Rosen et al. (2006) did not provide a good
ﬁt around the equatorial regions (Fig. 12-a and -b). It is feasible to
ﬁt the lens surface to age-dependent piecewise continuous conic
sections or other piecewise continuous functions, but this ap-
proach would signiﬁcantly increase the complexity of the age-
dependent model.
In a preliminary analysis polynomials of several orders were ﬁt
to lens surfaces. Tenth-order polynomials were chosen because the
rmse of the ﬁts converged at order 10 and did not decrease signif-
icantly for orders higher than 10 up to order 18 (Fig. 13).
Polynomials serve as good mathematical models to describe the
whole shape of the lens and for biometric computations. The
advantage of using polynomials is that they capture the age-
dependence of the whole lens shape in one or two equations. How-
ever, polynomials have inherent problems, which make them less
Fig. 11 (continued)
Fig. 12. Illustrative example of a posterior lens surface (cyan) was ﬁt with
augmented conic sections (a) and even polynomials (b). RMSE of the ﬁts were
223 lm, 138 lm, 62 lm, 53 lm for the 4th-, 6th-, 8th- and 10th-order conic
sections and 50 lm, 40 lm, 39 lm and 32 lm for the 4th-, 6th-, 8th- and 10th-
order polynomials, respectively.
Fig. 13. Illustrative example of the effect of the polynomial order on the RMSE ﬁt of
a posterior lens surface. Overall RMSE values converged at order 10 and did not
decrease signiﬁcantly for orders higher than 10.
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derivatives are discontinuous at the apexes for the OCM and at
the equatorial plane for the TCM. The second derivatives (i.e. cur-
vature) of both models vary strongly along the proﬁle.
These problems can be circumvented by using the polynomials
as a basis to ﬁt functions with any speciﬁc properties as required
for FE modeling or any other application. As an example we ﬁt
conic sections such as those used by Hermans et al. (2006) to the
29-year-old OCM lens (Fig. 14). The central 6 mm was ﬁt to conic
sections and the periphery was modeled by two more conic sec-
tions whose ﬁrst derivatives were set to be continuous with the
central conics. The functions ﬁt closely to the OCMmodel. The cen-
tral radii of curvature (8.03 mm for the anterior surface and
6.00 mm for the posterior surface) were comparable to published
values (Borja et al., 2008). Another approach would be to combine
the TCM and the OCMmodels to obtain continuous ﬁrst derivatives
along the proﬁle of the lens. The central region of the lens could be
modeled with the TCM and the equatorial region with the
OCM.
The advantages of ﬁtting to the OCM and TCM models are that
they are age dependent and are based on measurements of ex-vivo
lenses. The isolated ex-vivo lens is not subject to any active forces
and its shape would be comparable to the shape of the maximally
accommodated in-vivo lens (Dubbelman et al., 2005; Rosen et al.,
2006). The starting point of FE models should be one where no
forces are applied. Therefore new FE models can be developed for
any age using the presented polynomial models.The diameter of the lens estimated by the two models (Table 2)
was lower, and the thickness of the lens was higher than the man-
ual measurements reported in an earlier study (Rosen et al., 2006).
Fig. 14. The central 6 mm of the 29-year-old OCM lens (dashed line) was ﬁt to conic
sections (red and blue) similar to those used by Hermans et al. (2006). The
equatorial region was modeled with two conic functions (green and cyan) whose
derivatives were set to be continuous with the central conics. The radii of curvature
obtained with these ﬁts were 8.03 mm for the anterior surface and 6.00 mm for
the posterior surface.
82 R. Urs et al. / Vision Research 49 (2009) 74–83However, the three data sets became comparable after the 6-year-
old lens was excluded. This difference indicates that young lenses
do not follow a linear growth pattern (Augusteyn, 2007). Augus-
teyn (2007) showed that the lens growth occurs in two phases,
an initial mode of rapid growth during pre-natal development
and a second, linear growth mode, throughout life. A reduction in
lens thickness has been reported up to the age of 10–13 years
(Augusteyn, 2008; Mutti et al., 1998; Zadnik, Mutti, Fusaro, &
Adams, 1995). Here, a linear ﬁt was chosen for the dimensions be-
cause of the limited number of young lenses available. More young
lenses are required to show the non-linear age dependence of lens
growth.
Lens cross-sectional areas (CSA) obtained from both methods
range from 26 to 37 mm2 (Fig. 4). For the age range of 20–55 years,
Strenk et al. (2004) reported a CSA range of 22 to 30 mm2 for the
accommodated eye, in-vivo, using MRI images. Examination of data
from Glasser and Campbell (1999) for this age range, for the in-vi-
tro lens, revealed a CSA range of 18–23 mm2. The difference in
measurements could be due to the different mathematical models
that were used to represent the lens surfaces. Strenk et al. (2004)
used 4th-order polynomials to model the lens surfaces, while Glas-
ser and Campbell (1999) used second order polynomials.
The surface area (SA) of the lens (Fig. 6) increases with age, indi-
cating that there is an increased tension in the lens capsule as the
lens ages. The range of surface areas obtained was 150–215 mm2
from both the OCM and the TCM. Total lens surface areas have only
been reported by Hermans et al. (2008), who predicted surface area
using FE models whose geometry was based on information from
Scheimpﬂug images. They reported surface areas of 141–
166 mm2 for lenses aged 11, 29 and 45 years. For this age range,
the surface area was 154–183 mm2 as predicted by the OCM and
was 155 to 184 mm2 as predicted by the TCM. These values are
comparable.
The main goal of this study was to develop an age-dependent
mathematical model to describe the shape of the whole ex-vivo hu-
man crystalline lens. This model should provide an uncomplicated
and accurate calculation technique for lens biometry and also serve
as a foundation for developing suitable models for computational
modeling, especially for FE modeling. This was achieved by using
the linear regression of the coefﬁcients of the polynomial ﬁts. Toverify that the equations can be used, shapes of 20-, 40- and 60-
year-old lenses were plotted for the OCM (Fig. 9) and the TCM
models (Fig. 10). The two models were also superimposed on lens
proﬁles of various ages (Fig. 11). Both models provide a close esti-
mate of the shape of the lens, however, Fig. 11-i and -j shows that
with the TCM model, the lens shape is reliably modeled from age
20 to 60 years only. Beyond that the TCM modeled shape is incon-
sistent with the shape of the lens.
Both methods described in this paper can be used to obtain
dimensions of the human crystalline lens. Both of the age-depen-
dent models can be used to model the shape of the lens from ages
20 to 60 years, but only the OCM model can be used for older
lenses. Another advantage of the OCM model is that it describes
the lens with only one mathematical equation making it a simple
model. The two age-dependent models of the isolated ex-vivo hu-
man crystalline lens, presented above, can, with additional pro-
cessing, serve to improve FE-models of lenses.
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